Natural particle-number entanglement resides between spatial modes in coherent ultra-cold atomic gases. However, operations on the modes are restricted by a superselection rule that forbids coherent superpositions of different particle numbers. This seemingly prevents mode entanglement being used as a resource for quantum communication. In this paper, we demonstrate that mode entanglement of a single massive particle can be used for dense coding and quantum teleportation despite the superselection rule. In particular, we provide schemes where the dense coding linear photonic channel capacity is reached without a shared reservoir and where the full quantum channel capacity is achieved if both parties share a coherent particle reservoir.
Introduction -Entanglement naturally exists within spatially coherent ultra-cold atomic gases [1, 2] . The indistinguishability of the atoms in such systems means, however, that no degrees of freedom can be assigned to any individual particle, which renders the concept of particle entanglement meaningless. The natural entanglement of a BEC instead lies between second quantised field modes that are occupied by particles [1, 3] . For instance, the second quantised state of a single particle in the symmetric ground state, φ 0 (x), of a confining potential written in terms of two spatial modes, A and B, is |ψ = a †
whereâ † 0 is the creation operator for the single-particle state φ 0 (x) andψ † X is the field operator for spatial mode X = A, B, i.e.ψ † X |0 = |1 X . The emergence of entanglement between spatial modes is related to the BEC phase transition [4] and stems from the long-range coherence properties of the gas [5] .
It is currently debated whether mode entanglement of massive particles is a useful resource in the same way as particle entanglement [6] , i.e. EPR or spin entanglement, or whether it is just a mathematical feature of the quantum state and cannot be used at all for quantum communication and quantum information processing protocols. The main objection to performing such protocols using mode entanglement of massive particles is a superselection rule that forbids the coherent superposition of different numbers of particles [7] . The superselection rule restricts quantum states to the subspace of fixed particle number and prevents spatial modes from being rotated away from the particle number basis. However, recent theoretical results indicate that this superselection rule may be locally overcome by exchanging particles with a reservoir BEC [8] and that mode entanglement of a single massive particle can, in principle, violate a Bell inequality [9] .
In this paper, we illustrate that it is possible to per- * Electronic address: l.heaney1@physics.ox.ac.uk form quantum dense coding [10] and teleportation [11] with the mode entanglement of a single massive particle. Simple quantum information processing protocols such as these not only test specific tools needed for large scale processing, but actual experiments also serve as a bench mark for comparisons of quantum information processing with different physical realisations. We show that the linear photonics channel capacity for dense coding [12] is, in principle, achievable without a BEC reservoir and that the full quantum channel capacity can be reached by coupling to a BEC reservoir. Conversely, we note that hyper-entanglement, i.e. entanglement in more than one degree of freedom, will not allow to surpass the classical channel capacity limit. At present there has been no test for the existence of mode entanglement of massive particles, and the predicted ability to overcome the said superselection rule remains unconfirmed. The single mode rotations and two mode (dis)entangling gates required for this scheme can be implemented using todays technology, hence paving the way to establish, not only the existence of mode entanglement, but also whether this natural entanglement could be used for quantum information processing. Dense coding -Quantum dense coding [10] allows for two classical bits of information to be transmitted via one qubit. A maximally entangled Bell state is shared between two parties, A for Alice and B for Bob, and the protocol is performed by Alice acting solely on her qubit with one of the four possible unitary operations {Î,Ẑ,X,ẐX}, whereX andẐ are the usual Pauli operators. This encodes four classical bit patterns in the four orthogonal Bell states. To communicate the information, Alice sends her qubit to Bob, who then performs Bell state analysis [13] to determine which two classical bits were initially sent.
Dense coding was first performed in the realm of optics [12] . However, reliably resolving all four Bell states using linear optics alone is impossible [14] ; strong non-linear interactions are needed. The maximum linear photonic channel capacity is C p = log 2 3 ≈ 1.585 bits, downgraded from the quantum maximum of C q = 2, as only two of the four Bell states can be discriminated (the remain- ing two are grouped together). On the other hand, one can exceed the linear photonics threshold by using hyperentangled photons [15, 16] . Unlike with photons, it is much simpler to generate an interaction between atoms, thus discriminating all four Bell states. A dense coding experiment with complete Bell state analysis has been performed using the continuous variable entanglement of ions [17] .
We consider a system of two coupled tightly confined potentials. The tight confinement in all three directions ensures that the onsite interaction energy, U , is much larger than the other energy scales, so that only zero or one particle(s) can occupy each potential at any instance. This is the case for atomic quantum dots [18] . Each potential forms one of the spatial modes, A or B.
There is no potential bias between the modes unless otherwise indicated. With these conditions the full Hamiltonian, which can be derived in a similar manner to the Bose-Hubbard model for optical lattices [20] , is simply,
, where J is the tunneling matrix element between the two modes. Initially, a single particle occupies the ground state, |ψ
(|10 + |01 ), of the potential, where |01 = |0 A ⊗ |1 B denotes zero particles in mode A and one particle in mode B.
Consider now performing dense coding with the state, |ψ + . Since |ψ + belongs to a subspace of fixed particle number, it is impossible to rotate from it to the two Bell states,
(|00 ± |11 ), without possessing a particle reservoir. Alice can change the phase of her mode |ψ
, by adding a potential bias,Ĥ A = Vn A i.e. increasing the trapping potential of her mode for a certain time. For instance, aẐ rotation is performed by raising the potential by an amount V relative to Bobs for the time t = π/V (where = 1) [21] . An isolated mode entangled state thus provides no quantum advantage to dense coding and gives a classical channel capacity, C, of unity.
Linear photonic channel capacity -In order to overcome the superselection rules, a reservoir containing the same type of particles as the initial state is required. Interestingly, if Alice is in possession of just a single extra particle (in addition to her mode), the linear photonic theshold for dense coding can be reached. Thê Z operation can be performed as before. To generate the third distinguishable state Alice measures her spatial mode in the particle number basis and performs â X = |0 1| + |1 0| operation on it using the extra particle. This results in either the state,X A |10 = |00 or X A |01 = |11 . Alice does not need to couple to a BEC reservoir here, since one does not need to remove the knowledge about the origin of the extra particle, as one does in the full dense coding protocol below. Also, note that the states, |00 and |11 cannot be used to encode a distinct message each, since they occur probabilistically, instead they are grouped together to encode the third message.
After Alice completes her operation, spatial mode A is sent to Bob, who then sends each mode into one of the two inputs of a 50:50 beamsplitter. The beamsplitter transforms the modes asψ †
. Beamsplitters have become a standard element in atom-optics and can be realised, for instance, by controlling the exchange of particles between two potential wells for a given amount of time [22] . The output states corresponding to the four possible input states are |ψ
. There are five distinct outcomes that indicate which of the three messages was originally sent by Alice. The channel capacity is C p = log 2 3. The linear photonic threshold for dense coding can be reached using mode entanglement of massive particles without a particle reservoir, even though rotations to two Bell states are forbidden by a superselection rule. This result is particularly surprising given the fact that Wiseman and Vacarro [6] previously pointed out that two copies of a mode entangled state are necessary for it to serve as a quantum resource.
Maximum quantum channel capacity -The full dense coding protocol requires two steps, encoding, i.e. the ability to rotate to all four Bell states and decoding, i.e. complete Bell state analysis, see Fig. 1 . We will show that these steps can be implemented using mode entanglement of massive particles. In order for the protocol to work, Alice and Bob must share a common reference frame with which they can exchange particles. A BEC described by a mixture of coherent states,ρ BEC = 2π 0 dθ 2π ||α|e iθ |α|e iθ |, fulfills this role [19] , where |α| 2 =n is the average number of particles in the condensate and θ is the condensate phase. For simplicity, we consider a non-interacting BEC. Interactions would mean that a greater fraction of particles are out of the condensate, which would increase the probability of exchanging a particle with the system that was not phase locked between Alice and Bob.
Recall that the initial state of the modes is |ψ + and that aẐ A rotation can be applied by creating a potential bias relative to mode B for a certain time. AnX rotation requires an exchange of particles with a reservoir. The Hamiltonian that describes this exchange iŝ
Ab res +b † resψA ), whereb res is the reservoir annihilation operator. The transition is driven by a Raman laser set-up, which couples the two different trapping states, a and b of the system and reservoir atoms respectively [20] . The parameter, Ω = dxφ 0 (x)Ψ 0 (x)Ω is the effective Rabi frequency, where Ψ 0 (x) is the wavefunction of the condensate, φ 0 (x) is the wavefunction of the atom in mode A andΩ is the usual Rabi frequency. The unitary evolution governed byĤ int transforms the occupation number of the modes as follows
FIG. 1: A double well potential forms the two spatial modes,
A and B. A BEC reservoir (depicted in red) shared between the two parties, is used to rotate the spatial modes away from the particle number basis. Steps in the dense coding protocol. Initialisation: (a) the state is prepared in the symmetric ground state of the double well potential. Encoding: (b) thê Z operation is performed by adjusting the potential of mode A; theX operation by exchanging particles with a reservoir BEC. Decoding: The four steps of the Bell state analysis are (c)Rx(π/2) rotation on mode B by coupling to the shared reservoir; (d) system is driven to strongly interacting limit and the wells are coupled so that the particle(s) exchange position; (e)Rx(π/2) rotations on both modes; (f) the number of particles, n, m = 0 1, in each mode are read out.
where we have traced out the reservoir (in which we also assumed a high mean number of particles,n >> 1). The state, |ψ + , is rotated away from the subspace of fixed particle number and to the Bell state, |φ
(|00 + e i2θ |11 ), by coupling to the BEC reservoir for t = π/(Ω √n ). The phase of the state, |φ + , is correlated to the BEC phase after the exchange of particles. If Bob has no knowledge of this phase, to him the state, |φ + , would appear mixed,
However, since Bob exchanges particles with the same BEC during the Bell state analysis, the phases cancel and the full discrimination of the four Bell states is possible. Note also that Alice and Bob must use a phase locked laser to drive the exchange of particles with the BEC.
The Bell state analysis requires four steps comprising two different operations, namely aR x (π/2) single mode rotation and a two mode disentangling c-phase type gate. We now describe how these operations fit together to allow the four Bell states to be distinguished, see Fig. 1 .
(i) Initially the potential barrier between the two modes is sufficiently high so that tunneling is suppressed. Mode B is then rotated away from the particle number basis by coupling to the BEC reservoir via the Raman laser set-up, see Eq. 1, for time t = π/(2Ω √n ). This results in the transformations,
For example, the state |φ + AB would become |φ
(ii) The crucial two mode c-phase disentangling gate is implemented by driving the system into the limit of hardcore bosons, i.e. U → ∞, by tightening the confining potentials further. This results in an effective zero-dimensional system where the bosons behave like spin-polarised fermions. By associating the two particle number states, |0 and |1 , of each mode with the up/down spin half degree of freedom, the bosonic Hamiltonian,Ĥ = − J 2 (ψ † Aψ B +ψ † Bψ A ), becomes equivalent to the quantum XX spin model. This in turn can be mapped via the Jordan-Wigner transformation tô H = −J(ĉ † Aĉ B +ĉ † Bĉ A ), whereĉ † X andĉ X are Fermionic creation and annihilation operators for mode, X = A, B that anti-commute, {ĉ X ,ĉ Y } + = δ XY . Once the system is in this regime, the barrier between the modes, A and B, should be lowered for time, t = π/(2J), so that the particles exchange position. The two Bell states, |ψ ± , are invariant, while the |11 term in the |φ ± states pick up a minus sign |11 → −|11 , due to the anti-commutation relations [23] .
(iii) In order to rotate the modes to the particle number basis for the read-out, each should be coupled to the BEC reservoir for time t = π/(2Ω √n ), as in step (i). This final rotation ensures that phases picked up from the BEC are no longer present in the final state. For example, after the c-phase gate,
The other three outcomes, |01 AB , |10 AB , |00 AB , also have one-to-one correspondence with the remaining three Bell states.
(iv) Finally, each spatial mode is measured in the particle number basis. The particle number detector should be able to distinguish between zero or one particles [24] .
Coupling the spatial modes to a reservoir of indeterminate particle number, such as a BEC, that is phase locked between the modes, allows for total encoding and decoding. The full quantum channel capacity can, in principle, be attained.
Hyper-entangled modes for dense coding -One may also wonder whether hyper-entanglement [16] could be used for complete dense coding without a reservoir BEC. Hyper-entangled particles have states that are entangled in more than one degree of freedom. For instance, photon pairs have been entangled simultaneously in polarisation, space and time-energy degrees of freedom [25] .
Consider now that the single-particle in the double well set-up also possesses an internal degree of freedom such as spin. The particle could be prepared in a superposition of, for instance, spin up and spin down, Since there are four distinguishable states, one may expect the quantum channel capacity, C q = 2, to be achievable. However, due to the nature of spatial mode entanglement, extra mode entanglement in an internal degree of freedom of the particle will not allow the classical channel capacity limit to be surpassed. The system is prepared in the state, |Ψ 1 = |ψ + AB ⊗ |S + ↑↓ , which corresponds to the particle being, not only in a superposition of positions, A and B, but also in a superposition of its internal spin states, ↑ and ↓. Dense coding requires two spatially separated parties, hence Alice is in possession of spatial mode A and Bob is in position of spatial mode B. Alice can act on her spatial mode to change the phase of the spatial portion of the state and/or to change the phase of the spin mode. However, since the particle is coherently distributed over both modes, Alice can only rotate the spin state of the particle, |S + → |S − , when the particle is present in her mode. If Alice applies thê Z operation on the particle spin, the spin and spatial modes become entangled, |Ψ 1 = |ψ
As spatial mode entanglement necessarily demands particles to be coherently distributed across space [5] , no party with access to just a portion of that space can rotate an internal degree of freedom of the particle all of the time. Only two orthogonal states can be accessed here and the classical channel capacity limit cannot be exceeded.
Teleportation -The ability to perform complete Bell state analysis on mode entangled systems means that teleportation of a state of a spatial mode is also possible. Mode a is prepared in a initial state of, |φ a = α|0 + βe iθ |1 , by coupling to the BEC as in Eq. 1 for a chosen amount of time. The phase of this state, relative to the BEC phase, can be changed by altering the potential of a. Alice is in possession of modes, a and A and Bob is in possession of mode B. To teleport the state of mode a, Alice performs a Bell state measurement on modes a and A by following steps (i) -(iv) from the decoding part of the dense coding protocol. Each outcome in the particle number basis, {|00 , |01 , |10 , |11 }, corresponds uniquely to the correcting operation, {Î,Ẑ,ẐX,X}, that Alice classically communicates to Bob. Bob then performs this operation on his spatial mode using the same shared reservoir BEC to recover the original state. The phase of the reservoir BEC is present in the final teleported state even after Bob has made his correction, which means that a third party would require a portion of the BEC to use the state any further.
Conclusion -Spatial mode entanglement of massive particles is a useful resource for quantum communication despite the superselection rule. To reach the full quantum channel capacity for dense coding and to faithfully perform teleportation, a reservoir BEC must be shared between both parties. Unlike with photons, full Bell state analysis can be performed utilizing the strong non-linear interactions of cold-atoms. Even without a BEC reservoir reaching the linear photonic channel capacity for dense coding is still possible. Conversely, hyper-entanglement of different modes does not allow to surpass the classical channel capacity. All aspects of this scheme can be implemented using current state-of-the-art technology.
